Abelian and non-Abelian considerations upon compressible fluids with
  Maxwell-type equations and the minimal coupling with electromagnetic field by Abreu, Everton M. C. et al.
ar
X
iv
:1
41
2.
17
04
v1
  [
ph
ys
ics
.fl
u-
dy
n]
  4
 D
ec
 20
14
Abelian and non-Abelian considerations upon compressible fluids
with Maxwell-type equations and the minimal coupling with
electromagnetic field
Everton M. C. Abreu,1, 2, ∗ Jorge Ananias Neto,2, † and Albert C. R. Mendes2, ‡
1Grupo de F´ısica Teo´rica e Matema´tica F´ısica, Departamento de F´ısica,
Universidade Federal Rural do Rio de Janeiro, 23890-971, Serope´dica, RJ, Brazil
2Departamento de F´ısica, Universidade Federal de Juiz de Fora,
36036-330, Juiz de Fora, MG, Brazil
(Dated: August 26, 2018)
Abstract
In this work we have obtained Maxwell-type equations for a compressible fluid which sources are
functions of velocity and vorticity. A correlation function and the dispersion relation were analyzed
as function of the Reynolds number. A Lagrangian for the Lamb vector and the vorticity was
constructed and the equations of motion were discussed. After that, we have analyzed the case of
a charged fluid dynamics. Finally, the non-Abelian generalization of some results was introduced.
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I. INTRODUCTION
The Maxwell electrodynamics is the classical field theory that is the basics for the fluid’s
dynamics. Since the Maxwell theory has passed through a non-Abelian generalization, the
same is expected concerning fluid’s dynamics. The top of this non-Abelian evolution is
the so-called quark-gluon plasma (QGP) which is obtained from high energy collisions of
heavy nuclei. This state of matter has been attracted big interest both theoretically and in
experiments at the Relativistic Heavy Ion Collider (RHIC) facility and at CERN [1].
It is well known that QGP liquid is dense. However, apparently it flows with very little
viscosity close to an ideal fluid which is ruled by the standard laws of hydrodynamics. Hence,
to analyze the results that comes from the RHIC one has to adopt a hydrodynamic point of
view to the plasma for constructing its properties. To consider the non-Abelian charges of
the quarks and gluons is important in order to describe the dynamics for the proper fluid of
the quarks and gluons.
We have in the literature several theories about some aspects of an ideal fluid in interaction
with Yang-Mills fields [2–6]. One of the objectives to create QGP from high energy heavy-ion
collisions, is to test the prediction of a transition from a color-confining to an unconfining
phase in QCD at high temperature and/or density.
Recent works have introduced an alternative way to describe fluid dynamics, compress-
ible fluids [7] and the equations of a plasma [8]. These results were obtained through the
recasting of the equations and by obtaining a set of Maxwell-type equations for the fluid.
This transformation in the structure of the equations implies the generalization of the idea
of charge and current related to fluid dynamics [9]. The understanding of what will be con-
sidered as a source term in the final formalism depends on the choice of the quantities and
will be the main issue of this new structure of fluid dynamics.
In Lighthill works about sound [10], the applied stress tensor is considered as the source of
the radiation field. The objective here is to construct, analogously to Marmanis concerning
an incompressible fluid, the Maxwell-type equations for compressible fluid considering the
presence of a dissipation term from the beginning of the process. In this case we can see
that there is an underlying difference between the definitions of the sources terms. Another
important point that we will analyze, is the possibility of obtaining a Lagrangian description
for the compressible fluid.
In [8] the author has recently introduced an extension of this new structure of the plasma
equations, for each kind of fluid, beginning with the equations of motion that describe such
system. We can obtain the equations by extending the Lagrangian description relative to the
compressible fluid. We will consider a charged fluid and its coupling with the electromagnetic
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field. We will combine both the Lamb vector and vorticity with the electric and magnetic
fields. As we will see, this coupling will result in some changes of the set of Maxwell-type
equations that describe the system and also we will obtain new source terms.
The paper is organized in the following way: in section II we have obtained the Maxwell-
type equations as functions of the vorticity and Lamb vector. In section III we have computed
the correlation function of the velocity in order to connect it with the current density.
In section IV we described the Lagrangian formalism for the theory above and we have
constructed the non-Abelian version for our compressible fluid. The analysis for a charged
fluid was developed in section V. The conclusions are depicted in section VII.
II. MAXWELL-TYPE EQUATIONS FOR A COMPRESSIBLE FLUID
There are several works in the literature that show the similarity between fluid dynamics
and classical electrodynamics. More recently this analogy has been used to write the equa-
tions of motion of a fluid with the same structure as Maxwell’s equations of electromagnetism.
Marmanis [9] has described the dynamical behavior of average flow quantities in incompress-
ible fluid flows with high Reynolds numbers. Kambe [7] has presented a generalization of a
previous work concerning a compressible fluid.
Our purpose in this section is to obtain Maxwell-type equations considering the viscosity
from the beginning and to construct a system of equations as functions of both the vorticity
(~ω) and Lamb vector (~l = ~ω × ~u) which is also known as vortex force. In this way we will
follow a different path from Kambe [7]
The equations of motion of a fluid are given by the Euler equation:
∂~u
∂t
+ ~ω × ~u +∇
(
1
2
u2
)
= −
1
ρ
∇p (1)
where 1/2 u2 is the kinetic energy, and this equation is supplemented by the following equa-
tions such as the continuity equation given by
∂ρ
∂t
+∇(~uρ) = 0, (2)
and the entropy equation,
∂s
∂t
+ ~u · ∇s = 0, (3)
where ρ is the fluid density, s is the entropy per unit mass, p is the pressure, and ~ω = ∇×~u
is the vorticity.
We can rewrite Eq. (1) by introducing the viscosity through the stress tensor
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σij = µeij + ξδijD, (4)
eij = ∂jui + ∂iuj −
2
3
δijD D ≡ ∂mum, (5)
where the coefficients µ and ξ are called coefficients of viscosity (and ξ is also known as the
second viscosity). We have from thermodynamics that
−
1
ρ
∇p = −∇h + T∇s, (6)
where h is the enthalpy per unit mass and T is the temperature. So, we obtain
∂~u
∂t
+ ~ω × ~u +∇
(
1
2
u2
)
= −∇h + ~κ, (7)
where
~κ = T∇s+
1
ρ
∇σ (8)
and Eq. (7) is the Navier-Stokes equation for a viscous compressible fluid [11], different from
Eq. (1). From a dimensional analysis of Eq. (8) we see that ~k has acceleration dimension.
Hence, we will define from Eq. (1) the Lamb vector as
~l = −
∂~u
∂t
−∇Ω+ ~κ, (9)
where
Ω = h+
1
2
u2 (10)
is the total energy. From Eq. (9) we see that the sign of ∇ · ~l oscillates between negative
and positive, which occurs usually in turbulent flows.
Now, let us compute the divergence, curl, and time derivative of the Lamb vector and
after that, the divergence of the vorticity to obtain respectively that
∇ ·~l = n +∇ · ~κ, (11)
∇×~l +
∂~ω
∂t
= ∇× ~κ, (12)
∂~l
∂t
− u2∇× ~ω = −~j +
∂~κ
∂t
(13)
∇ · ~ω = 0, (14)
where ~j will be defined in a moment and
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n = −
∂
∂t
∇ · ~u − ∇2Ω (15)
is connected with the concept of source terms, analogous to both the electric charge and
current densities. Notice that n is directly proportional to the time variation of the dilatation
and the spatial variation of the energy. On the other hand, it is well known that
∇ ·~l = ~u · ∇ × ~ω − ~ω · ~ω
and from (11) we can write that
n = ~u · ∇ × ~ω − ~ω · ~ω
when ∇ ·~k and it means that the source term can be given can be given by the velocity and
vorticity.
From the Lagrange acceleration formula [17] given by
~˙u =
∂~u
∂t
+ ~ω × ~u + ∇
(1
2
u2
)
=⇒ ∇× ~˙u =
∂~ω
∂t
+ ∇×~l ,
which is analogous to Eq. (12), and as we have said above, ~k is the acceleration.
In Eq. (11) we have that the sources of the Lamb vector are the pressure, enthalpy and
velocity gradients. In Eq. (12) one can show that the time variation of the angular velocity
is equal to the torque given by the Coriolis force which is the Lamb vector. The last equation
represents the conservation of the vorticity flux along a tube of vorticity. Analogously to the
electromagnetic case, we can say that it means the absence of monopole source of vorticity.
Moreover, back to Eq. (12), in the case of a motion with steady vorticity (∂ω/∂t = 0)
and a lamellar Lamb vector, i.e., ∇×~l = 0, we have, using Eq. (8), that
∇T ×∇s = −∇
1
ρ
×∇σ ,
which is the condition for the second and third vorticity theorems of Helmholtz [17]. The new
thing is that this last equation is the condition for circulation-preserving motion independent
of ~ω and ~l.
Having said that, the Lamb vector and the vorticity should be taken as the kernel of
turbulent dynamics rather through velocity and vorticity fields or velocity and pressure
fields [9]. Then any term that cannot be explicitly expressed as a function of only ~w or ~l,
will be treated as a source term. Within the term connected with the viscosity through the
source term in Eq. (15) and
~j = ~un+∇× (~u · ~ω)~u + ~ω ×∇
(
Ω + u2
)
+ 2
[
(~ω × ~u) · ∇
]
~u− (~ω × ~u)(∇ · ~u) , (16)
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where we have to notice that the source terms in Eqs. (15) and (16), differ from the source
terms given in [9] thanks to the presence of ∇·~u, since the fluid is compressible. The charge
density n, related to the vorticity can be regarded as a topological feature of the flow [18].
An important observation can be made about the presence of the term ~κ in Eq. (9) and
its effect into Maxwell-type equations, which can be rewritten as
∇ ·
(
~l− ~κ
)
= n, (17)
∇×
(
~l− ~κ
)
+
∂~ω
∂t
= 0, (18)
∂(~l− ~κ)
∂t
− u2∇× ~ω = −~j (19)
∇ · ~ω = 0. (20)
We can see that the presence of this ~κ-term, in analogy with the Maxwell electromagnetism,
shows that ~κ acts as a polarization vector for the Lamb vector, such as the ~P vector for
the electric field in classical electrodynamics. So, let us construct a new Lamb vector field
~l′ =~l− ~κ in equations (17)-(20) and consequently we re-obtain the same set in (11)-(14) for
the vectors~l′ e ~w [7].
The system of equations (17)-(20) share a common feature with the so-called microscopic
Maxwell equations concerning the extremely fast space and time variable fields . As in [9]
for an incompressible fluid, we will use the spatial filtering method proposed by Russakoff
[12] to obtain the dynamical behavior of average flow quantities. After the application of
the process, we have that
∇ · 〈~l′〉 = 〈n〉, (21)
∇× 〈~l′〉+
∂〈~ω〉
∂t
= 0, (22)
∂〈~l′〉
∂t
− 〈u2〉∇ × 〈~ω〉 = −〈~j〉 (23)
∇ · 〈~ω〉 = 0, (24)
where 〈u2〉 = a2 is the spatial averaged squared velocity.
We can promote an extension of this analogy by introducing the potentials which, in this
case, correspond to the average velocity field 〈~u〉 (vector potential) and energy function 〈Ω〉
(the scalar potential). As in Maxwell’s electromagnetism, sometimes it is more appropriate
to work with the equations involving only the potential in order to keep a smaller number
of second-order equations, rather than against a set of coupled first-order partial differential
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equations (21)-(24). So, from Eq. (23) and using the expression in (9), it can be shown that
the average velocity field obeys the following equation
∇2〈~u〉 −
1
a2
∂2〈~u〉
∂t2
+∇
(
∇ · 〈~u〉+
1
a2
∂〈Ω〉
∂t
)
= −a−2〈~j〉, (25)
concerning the average velocity, and
∇2〈Ω〉+
∂
∂t
∇ · 〈~u〉 = −〈nˆ〉, (26)
for the energy function 〈Ω〉 (see Eq. 15).
The Eq. (25) shows the wave character of the fluid dynamics equations described by Eqs.
(21)-(24). Besides, Eqs. (25) and (26) allow us to make an interesting observation about a
conceptual difference between both theories, namely, electromagnetism and fluid theories.
The equations for the electromagnetic potentials ( ~A,Φ), which have expressions analogous
to mathematical equations, can be decoupled through a suitable choice for potential called
gauge transformations
∇ · ~A = 0 (Coulomb gauge) (27)
and
∇ · ~A+
1
c2
∂Φ
∂t
= 0 (Lorentz gauge), (28)
which do not affect the physics of the system. In fluid dynamics, this freedom is not simply
a choice of gauge, it has implications about the physical nature of the flow. The relation
∇ · 〈~u〉 = 0 in fluid dynamics, which is equivalent to the Coulomb gauge, is not a true gauge
but it is a choice of the incompressibility of the flow.
Similarly, the Lorentz gauge has a corresponding equation which connects the fluid dy-
namics given by
∇ · 〈~u〉+
1
a2
∂〈Ω〉
∂t
= 0, (29)
and which is relative to a compressible fluid. Thus, we observe that a “gauge choice” in fluid
dynamics is directly related to the hypothesis made about the compressibility or incompress-
ibility of the fluid [8].
A mathematical object of great importance in statistical theory of fluid dynamics is the
correlation function of two points of the velocity field defined as
Rij(~r) ≡ 〈vi(~x)vj(~x+ ~r)〉 (30)
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for two points separated by the displacement vector ~r. Both assumptions of stationary
and homogeneity allow us to establish, as indeed has already been attempted in the link
above, this correlator does not depend on time, but only on the displacement vector ~r. The
space-time correlation are underlying in fluid dynamics and has a wide application [19].
III. THE CORRELATION FUNCTION
Great efforts have been devoted during decades to the discovery of how the kinetic energy
of a turbulent flow is partitioned along the length scales. The focus of these studies is the
energy spectrum of the turbulent flow in Fourier space, obtained directly from the correlation
function for speed.
Our purpose now is to show that we can connect the correlation function of the velocity
field with the current density ~j. To accomplish that we have to consider a specific case which
is not simpler than the flow of a compressible fluid. It is an incompressible fluid with high
Reynolds numbers in the completely developed turbulent regime [20].
In this case, the wave equation in (25) (without the electromagnetic field coupling) can
be whiten as
∂2~v
∂t2
= a2∇2~v + ~j − ∇
(
∂φ
∂t
)
+ ν2∇4~v , (31)
where ν is the (kinematic) viscosity, ~v = 〈~u〉 and φ = 〈Ω〉.
As in the electromagnetic theory, we can decompose ~j into its longitudinal part (irrota-
tional) ~jl and its transverse part (solenoidal) ~jt, i.e.,
~j = ~jl +~jt , (32)
where we can show that
~jl = ∇
∂φ
∂t
(33)
and we can rewrite Eq. (31) as follows
∂2~v
∂t2
= a2∇2~v + ν2∇4~v +~jt, (34)
which is a wave equation with a forcing term exclusively expressed in terms of the turbulence
sources.
The non-homogeneous wave Eq. (34) has a solution of the type
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~v(~x, t) =
∫
d4xG(~x, t ; ~x′, t)~jt(~x
′, t′) (35)
where the Green’s function in Eq. (35) satisfies the inhomogeneous equation
(
a2∇2 + ν2∇4 −
∂2
∂t2
)
G(~x, t ; ~x′, t) = δ(~x− ~x′)δ(t− t′). (36)
The wave equation in (34) describes waves with the following dispersion relation [9],
ω = ak
(
1−
ν2
2a2
k2
)
, (37)
where, in the upper limit for the value of k (kf : filter microscale) we have
ν2k2f
a2
= O(Re−1).
So, when we consider a fluid with high Reynolds number, we have a linear law to the dis-
persion relation: ω(k) = ak. In this case, the operator in Eq. (36) is the type D’Alembertian
with the usual Green’s function, such as
G(~x, t ; ~x′, t) =


1
4πa2
δ
(
t−t′−
|~x−~x′|
a
)
|~x−~x′|
if (t > t′)
0 if (t < t′).
(38)
Now, substituting Eq. (38) into (35) and solving the integration in t′ we have that
~v(~x, t) =
∫
d3~x′
~jt
(
~x′, t− |~x−~x
′|
a
)
|~x− ~x′|
, (39)
and with this result, we can write the correlation function as
Rij(~r) = 〈vi(~x)vj(~x+ ~r)〉 =
∫ ~x+~r
~x
d3~y
∫ ~x+~r
~x
d3~z〈fi(~y)fj(~z)〉
=
∫ ~x+~r
~x
d3~y
∫ ~x+~r−~y
~x−~y
d3~ρ 〈fi(~y)fj(~y + ~ρ)〉, (40)
where we have defined
~f(~x′; t) =
~jt
(
~x′, t− |~x−~x
′|
a
)
|~x− ~x′|
. (41)
We can observe in the Eq. (40) that the correlation function of the velocity field depends
on both the correlation function of the current density ~jt and the displacement vector ~r. The
current density is an input and can not be determined by theory, it depends on both the
observation and the geometry of the flow.
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IV. LAGRANGIAN FORMALISM AND MINIMAL COUPLING
From the geometric and Lie algebraic points of view, Arnold [14] has showed that the
Euler flow can be described via the Hamiltonian formalism in any dimensions. This has a
lot of interesting consequences concerning fluid mechanics [15]. One of them is that it is the
standard path to introduce statistical approaches into dynamical systems. The Hamiltonian
is helpful in order to build a statistical measure. However, it is not quite obvious that this
process can be used when viscosity is taken into account.
In paper [13] one of us has shown that this is possible if we consider the equations of
metafluid dynamics obtained by Marmanis [9]. Since the structure of Eqs. (21)-(24) are the
same as the equations of metafluid dynamics, although we are working with a compressible
fluid, we can similarly write down the Lagrangian density of the theory of a compressible
fluid. Hence, let us begin with
L =
1
2
(
~l2 − a2~ω2
)
(42)
where we will define the averaged Lamb vector ~l = 〈~l〉, as
~l = −
∂~v
∂t
−∇φ+ ~k , (43)
where ~ω = 〈~w〉 and ~k = 〈~κ〉. We can see at first sight that the Lagrangian in (42) has
kind of duality since we can substitute l → iaω and aω → il and the Lagrangian in (42)
is invariant under this symmetry. However, one can ask about the physical meaning of the
complex terms in the fluid dynamics.
So, we can also write the above Lagrangian density in terms of the potential in the
following way
L =
1
2
(
−
∂~v
∂t
−∇φ+ ~k
)2
−
1
2
a2 (∇× ~v)2 , (44)
which is the Lagrangian of a compressible fluid with nonzero viscosity, which gives us the
Navier-Stokes equation directly from the conjugated momenta of the velocity field
~π =
δL
δ~˙v
=
∂~v
∂t
+∇φ− ~k = −~l, (45)
when it is compared with the equation (43). Thus, we have obtained the Navier-Stokes
equation for the mean field
∂~v
∂t
= ~l −∇φ− ~k, (46)
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where ~l = ~ω × ~v. Notice that the contributions of viscosity and T∇s are embedded in ~k.
It is easy to see that the Lagrangian density (44) gives us the set of Maxwell-type (11)-(14)
equations for the homogeneous case (no source). Computing the Euler-Lagrange equations
relative to φ and ~v from Eq. (45), respectively, we can write that
∇ · (−∇φ− ~˙v + ~k) = 0, (47)
and using Eq. (43), we can see that
∇ ·~l = 0. (48)
For the velocity field ~v, we have
∂
∂t
(−∇φ − ~˙v + ~k) = a2(∇×∇× ~v) , (49)
and from Eq. (43) and using that ~ω = ∇× ~v, this last equation can be written as
∂~l
∂t
= a2(∇× ~ω) +
∂~k
∂t
. (50)
The other two equations, (12) and (14), can be obtained directly from the ~ω and ~l defini-
tions. Taking the divergence of ~ω, we can obtain Eq. (14). To obtain Eq. (12), we have to
take the curl of Eq. (9).
Now, let us consider the case where the sources do not vanish. In this case, the sources
appear into the equations of motions and, as a consequence, we can write its Lagrangian
density as
L =
1
2
(
−
∂~v
∂t
−∇φ+ ~k
)2
−
1
2
a2 (∇× ~v)2 + ~J · ~v −Nφ (51)
where N = 〈n〉, ~J = 〈~j〉 and n was given in Eq. (17).
Considering the term ~k as a vector polarization for the Lamb vector, let us define
~l′ = 〈~l − ~κ〉 = −
∂~v
∂t
−∇φ, (52)
we can rewrite the Lagrangian density (44) as
L =
1
2
(
~l′
2
− a2~ω2
)
=
1
2
(
−
∂~v
∂t
−∇φ
)2
−
1
2
a2 (∇× ~v)2 . (53)
Therefore, if we look at the Lamb vector defined in (52) and the mean vorticity
~ω = ∇× ~v (54)
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we can see that ~l′ and ~ω, as well as the electric and magnetic fields, are components of a
second-rank tensor, the strength tensor, defined by
T µν = ∂˜µUν − ∂˜νUµ, (55)
where ∂˜µ =
(
1
a
∂
∂t
,∇
)
and the four-vector potential is
Uµ ≡ (φ, a~v). (56)
The nonzero components of the T µν are
T 0i = l′
i
and T ij = aωk with i, j, k cyclic. (57)
Thus we can see that, compared with the second-rank tensor in (55), the second rank tensor
introduced by Mahajan on [16] is a relativistic extension of the Lamb vector and vorticity
given in (57).
Therefore, one can write (53) using T µν as
L = −
1
4
T µνTµν , (58)
or, considering the presence of the source terms, we have that
L = −
1
4
T µνTµν −
1
a
JµU
µ, (59)
where the four-vector Jµ is defined as
Jµ ≡ (N, a ~J ) . (60)
The inhomogeneous equations of the compressible fluid (21) and (23), in terms of T µν
and the four-current Jµ, can be connected through a covariant expression
∂µT
µν =
1
a
Jν . (61)
Similarly, the homogeneous Eqs. (22) and (24) can be written in terms of the dual field-
strength tensor as
∂µT
µν = 0 (62)
where T µν = 1
2
ǫµναβTαβ.
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A. The non-Abelian generalization
In [25] the authors carried out a NA generalization of [16] in order to apply the formalism
to QGP. With the same motivation we will provide the NA version of these last results. In the
name of self-containment, we have provided the interested reader with the basic knowledge
of the issue in the Appendix. From now on we will assume that the reader have read the
Appendix and have this basic knowledge.
Having said that, since Qa is the classical color charge of the particle, let us define the
Lie algebra which is defined with anti-Hermitian Lie algebra objects with basis T a
[T a, T b] = fabc T c
tr (T a T b) = −
1
2
δab (63)
which allows us to define the fluid velocity as
~u = ~ua T a (64)
the vorticity as ~ω = ~ωa T a where
~ωa = ∇ × ~ωa (65)
and the Lamb vector is ~l = ~la T a where
~la = ǫabc~ωb × ~uc . (66)
Hence we can rewrite the Lagrangian in Eq. (53) as
L =
1
2
(~l
′2
a − a
2~ω2a) =
1
2
(
−
∂~va
∂t
− ∇φa
)2
−
1
2
a2(∇× ~va)
2 (67)
where φa = Qa < Ω > and ~va = Qa < ~u >. The strength tensor in Eq. (55) can be written
in a NA way as
T aµν = ∂˜µU
a
ν − ∂˜νU
a
µ − i g[Uµ, Uν ]
a (68)
where [Uµ, Uν ]
a = fabcU
b
µU
c
ν and g is the gauge charge. The NA four-vector potential is given
by
Uµa = (φa, a~va) (69)
where T 0ia = l
′ia and T ija = aωka ,where i, j, k = cyclic, and the Lagrangian for the NA
filed strength in Eq. (58)
L = −
1
4
T µνaT aµν (70)
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and, considering source terms we have that
L = −
1
4
T µνaT aµν −
1
a
JaµU
µa (71)
where Jµa = (Na, a
~Ja) ; Na = Qa < u > and J
µ
a = Qa < j
µ
a >. The non-Abelianization of
Eqs. (61) and (62) is direct. In the same manner we can promote the non-Abelianization of
the elements when we consider a charged fluid as in section IV.
Since in sections IV and V we have used a gauge theoretical analogy [25] to construct an
electromagnetic-type theory as functions of the Lamb vector and vorticity, in this section we
have developed a NA generalization to obtain a NA fluid-field system analogous to the well
known Yang-Mills fluids.
V. THE ELECTROMAGNETIC INTERACTION ANALYSIS
Let us now consider the case where the fluid described by Eqs. (1)-(3) is a charged fluid
with each species labeled by the index α. Besides, they can be described by a set of linear
Maxwell-type equations for the mean field, such as
∇ · ~l′α = Nα, (72)
∇× ~l′α +
∂~ωα
∂t
= 0, (73)
∂~l′α
∂t
− a2∇× ~ωα = − ~Jα (74)
∇ · ~ωα = 0, (75)
where ~l′α = 〈~lα − ~κα〉 and analogously to Eqs. (21)-(24), which can be obtained from the
Lagrangian density for each species given by
L =
1
2
(
~l′
2
α − a
2
α ~ω
2
α
)
, (76)
where a2α = 〈~u
2
α〉.
In recent works [8, 16] the authors present an extension of the analogy between fluid
dynamics and classical electrodynamics by considering one multifluid plasma using different
approaches. However, in either case we have as the starting point the equations of motion.
Our proposal is to consider the fluid immersed in an electromagnetic field and the interaction
between them from the Lagrangian density in (76).
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Let us then consider the following prescription for both the Lamb field (~lα) and the
vorticity field (~ωα) by defining the coupling with electromagnetic field such as
~l ′α =⇒
~ˆlα = ~l
′
α + g ~E (77)
and
~ωα =⇒ ~ˆωα = ~ωα + b ~B , (78)
where g and b are the coupling constants that will be calculated later.
Using Eqs. (77) and (78), we can now write the new Lagrangian density L′
L′ =
1
2
(
~ˆl 2α − a
2
α~ˆω
2
α
)
=
1
2
(
~l′α + g ~E
)2
−
1
2
a2α
(
~ωα + b ~B
)2
=
1
2
(
−
∂~vα
∂t
−∇φα + ~kα + g ~E
)2
−
1
2
a2α
(
∇× ~vα + b ~B
)2
, (79)
which is the Lagrangian density of a charged fluid immersed in an electromagnetic field where
the term ~kα carries the contributions due to viscosity and statistical features (T∇s) of the
fluid. The conjugated momenta associated with velocity is computed as
~π′α =
δL′
δ~˙vα
=
∂~vα
∂t
+∇φα − ~kα − g ~E = −~ˆlα (80)
or
∂~vα
∂t
+∇φα − ~kα − g ~E = −~ˆωα × ~vα. (81)
Using the relation (78), we finally have that
∂~vα
∂t
+ ~ωα × ~vα = −∇φα + ~kα + g ~E + b
(
~vα × ~B
)
. (82)
If we compare the above equation with the standard momentum equation for a charged fluid
immersed in an electromagnetic field [8], we can see that the last two terms on the right side
of Eq. (82) is the Lorentz force. Thus the coupling constant g and b are both equal and
given by
g = b =
ǫα
mα
(83)
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where ǫα is the charge and mα is the mass of the charge. So, the Navier-Stokes equation of
the fluid that can be written as
∂~vα
∂t
+ ~ωα × ~vα = −∇φα +
ǫα
mα
[
~E + ~vα × ~B
]
+ ~kα , (84)
which is a very interesting result, where we have a Lagrangian density that describes a
compressible and charged fluid in a very general representation.
Using the vector and scalar potential (Φ) of the electromagnetic field in (79) we can
rewrite the Lagrangian as follows
L′ =
1
2
[
−
∂~vα
∂t
−∇φα + ~kα +
ǫα
mα
(
−
∂ ~A
∂t
−∇Φ
)]2
−
1
2
a2α
(
∇× ~vα +
ǫα
mα
∇× ~A
)2
, (85)
which can be written as
L′ =
1
2
(
−
∂~ˆvα
∂t
−∇φˆα + ~kα
)2
−
1
2
a2α
(
∇× ~ˆvα
)2
, (86)
where
~ˆvα = ~vα +
ǫα
mα
~A and φˆα = φα +
ǫα
mα
Φ. (87)
Notice that the Lagrangian in Eq. (86) has the same structure as the Lagrangian in (53)
where the electromagnetic field is zero.
However, as we will see, the coupling introduces some modifications to the Maxwell-type
equations of the charged fluid dynamics shown in (72)-(75). Using Eqs. (77) and (78) we
have that
~ˆlα = −
∂~ˆvα
∂t
−∇φˆα + ~kα (88)
and
~ˆωα = ∇× ~ˆvα. (89)
Let us take the divergence, curl, and time derivative of the Lamb vector in Eq. (88) and
finally the divergence of the vorticity, we obtain
∇ · ~ˆlα = Nˆα +
ǫα
mα
1
ǫ0
ρel +∇ · ~kα , (90)
and using both the Ampere law and
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Nˆα = −
∂
∂t
∇ · ~ˆvα −∇
2φˆα, (91)
we have that
∇× ~ˆlα +
∂~ˆωα
∂t
= ∇× ~kα. (92)
Substituting Eq. (92) in the time derivative of the Lamb vector in the following way we can
write that
∂~ˆlα
∂t
=
∂~ˆωα
∂t
× ~ˆvα + ~ˆωα ×
∂~ˆvα
∂t
= (∇× ~ˆlα )× ~ˆvα + ~ˆωα ×
∂~ˆvα
∂t
, (93)
and after some calculation we can see that
∂~ˆlα
∂t
− a2α∇× ~ˆωα = −
~ˆJα +
∂~kα
∂t
, (94)
where the new equation for the current density is given by
~ˆJα =
(
Nˆα +
ǫα
mα
1
ǫ0
ρel +∇ · ~kα
)
~ˆvα + 2~ˆlα · ∇~ˆvα − ~ˆlα(∇ · ~ˆvα) + ~ˆlα × ~ˆωα − ~ˆωα ×
∂~ˆvα
∂t
. (95)
Finally, substituting the divergence of the vorticity in Eq. (89) we obtain the last equation
∇ · ~ˆωα = 0 (96)
To sum up, we have a set of equations given by
∇ · ~ˆlα = Nˆα +
ǫα
mα
1
ǫ0
ρel +∇ · ~kα, (97)
∇× ~ˆlα +
∂~ˆω
∂t
= ∇× ~kα, (98)
∂~ˆlα
∂t
− a2α∇× ~ˆωα = −
~ˆJα +
∂~kα
∂t
, (99)
∇ · ~ˆωα = 0 (100)
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In the same way as in (55), we can introduce a second-rank tensor taking into account
the coupling with electromagnetic field, given by
Gµνα = T
µν
α +
ǫα
mα
F µν , (101)
where
T µνα = ∂˜
µUνα − ∂˜
νUµα , (102)
and
Uµνα = (φˆα, a~ˆvα), (103)
where F µν is the second rank tensor of the electromagnetic field.
We can then rewrite the Lagrangian density (59) as
L′ = −
1
4
Gµνα G(α)µν −
1
a
JµαU(α)µ, (104)
where Jµα = (Nˆα, a
~ˆJα).
VI. CONCLUSIONS
In [9], the author developed an analogous Maxwell-type formalism for an incompressible
fluid without considering dissipation terms. In this paper we believe that we have given a
step forward in the issue since we have carried out a Maxwell-type electromagnetic model
for a compressible fluid with dissipation terms from the very beginning of the calculations.
In order to present the formalism in a complete manner, we have also constructed the
Lagrangian for this fluid and after that, for a charged one. The “configuration space” for
both is formed by the Lamb vector and vorticity, which could be organized as components of
a field strength tensor and in this way, the analogy with the Maxwell Lagrangian is direct.
Besides, in order to analyze the applications of this fluid “electromagnetism” in QGP, we
have accomplished a NA version of the uncharged compressible fluid. The same procedure
to the charged one can be obtained, as we have shown.
As an obvious perspective. we can use some analysis of the Yang-Mills theories to attack
the QGP problem. Besides, we can also consider other analogies for alternative electromag-
netic formalisms like Podolsky, Lee-Wick and others.
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Appendix: Non-Abelian fluids: a basic review
The main motivation to investigate non-Abelian fluids is based on the increasing interest in
the dynamics of NA plasmas at both very high temperature and density. Other analysis can
be carried out concerning relativistic NA plasmas in extreme cosmological and astrophysical
conditions. As examples, we can mention the electroweak plasma in the early Universe, the
physics of the explosions occurring in supernovae and the physics of dense neutron stars.
So, it is important to have a complete theoretical description of a quantitative seceario for
NA plasmas both in- and out- of equilirium [23]. Having said that, in this section we will
promote a non-Abelianization of the main results obtained in the last section. But, in the
name of self-containement, let us review some few steps on non-Abelian fluids.
It is very well known that on deriving the equations of fluid mechanics from basic particle
theory by statistical averages will apply just fine in the non-Abelian scenario [21]. Consid-
ering, for example, the QGP, the one-particle kinectic equation can be written as [21]
P µ
[
∂
∂µ
+ g QaF
a
µν
∂
∂Pν
+ gfabcA
b
µQc
∂
∂Qc
]
f(X,P,Q) = C(t) (A.1)
where f(X,P,Q) is the one-particle distribution function; C is the collision integral term
which considers the particle’s scattering; Aµ and F µν are the potential and the field for a
non-Abelian theory which rely on a gauge group with structure constants Fabc; and Qa is
the classical colour charge of the particle.
The C = 0 case means a collisonless plasma and the Boltzman equation (A.1) is the equa-
tion for the distribution function for single particles that obey the basic classical equations
of motion for non-Abelian particles, namely, the Wong equation [22] given by
m
dXµ
dτ
= P µ , (A.2)
m
dPµ
dτ
= g QaF
a
µνP
ν , (A.3)
m
dQa
dτ
= − gfabcP
µAbµQ
c , (A.4)
where the motion of the color degrees of freedom is in a phase space way as the color index
runs from a = 1 to N2 − 1 for a SU(N) gauge group and τ is the proper time of the
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particle. We can say that the proper space is the Lie group modulo the maximal torus [21].
Considering a microscopic analysis, the trajectories in phase space are known exactly. The
Wong equations give the trajectories x(τ), p(τ) and Q(τ) for every particle, i.e., they are
the classical equations of motion. From (A.4) [23] we can see that the NA charges are also
subjected to the dynamical evolution. The Eq. (A.4) can be rewritten as DτQa = 0, where
Dτ =
dxµ
dτ
Dµ is the covariant derivative in the world line. And
Dacµ [A] = ∂µ δ
ac + g fabcAbµ
is its adjoint representation [23]. Besides, the Boltzmann equation (A.1) is invariant under
gauge transformations, i.e., if f(X,P,Q) is the solution of (A.1), f(X,P, U−1QU) is also a
solution.
The fact that the equations for the Abelian fluid have a very large regime of validity, one
can consider a derivation of a NA fluid mechanics, which encompasses the NA degrees of
freedom, coupling to a NA gauge field, etc., which may be correct for dense, nonperturbative
and nondilute systems. The field strength F aµν and the energy-momentum tensor of the gauge
fields are written respectively as
F aµν [A] = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν
Θµν [A] =
1
4
gµνF aρσF
ρσ
a + F
µρ
a F
aν
ρ (A.5)
where fabc are the structure constants of SU(N) and we are working in natural units. The
anti-symmetric structure constants fabc results from the commutator [λa, λb] = 2ifabcλc,
where λa are the Gell-Mann matrices. From (A.4) we can see that the NA charges have also
a dynamical evolution. With the solutions of Wong’s equations we can construct the color
current [23] for the particles given by
jµa (x) = g
∫
dτ
dxµ
dτ
Qa(τ)δ
(4)[x − x¯(τ)]
= g
∫
dτ
pµ
m
Qa(τ)δ
(4)[x − x¯(τ)] (A.6)
and we can use (A.2) and (A.3) to write
mx¨µ(τ) = gQaF µνa (x(τ))x˙ν(τ) (A.7)
where dots denote derivatives with respect to τ . Using the Wong equations we can find that
Dµ j
µ = 0, namely, the current is conserved. The particles energy-momentum tensor for the
particles is given by
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T µνpart.(x) =
∫
dτ
dxµ
dτ
pν(τ)δ(4)[x − x¯(τ0] (A.8)
and the Yang-Mills equations are
DµF
µν(x) = Jν(x) (A.9)
which has the source term like
Jν(x) =
∑
particles
jν(x) (A.10)
for the sum of all particles. The Yang-Mills (color) field energy-momentum tensor is given
by
T µνY M = F
µρ
a F
aν
ρ +
1
4
gµνF 2 , (A.11)
where F 2 = F µνa F aµν . Hence, we have the conservation law
∂µ[T
µν
part.(x) + T
µν
Y M(x)] = 0 (A.12)
where the divergence ∂µ T
µν
Y M is given by
∂µT
µν
Y M = gj
a
µF
µν
a (A.13)
where we have used that
(
DµF
µν
)
a
(x) = ∂µF
µν
a (x) + g fabcA
b
µ(x)F
µνc(x) = g jνa (x) (A.14)
where jµa (x) is the color current for the particles given by Eq. (A.6). So, based on Eqs. (A.6)
and (A.12) we can write that
∫
dτ
dxµ
dτ
Qa(τ)δ
(4)[x− x¯(τ)] = 0 (A.15)
which is specifically true only in the classical field approximation to the color sector. The
conservation laws in Eqs. (A.12) and (A.15) can be used as standard for a macroscopic
fluid dynamical analysis for the quark-gluon plasma. However, it is important to talk about
space-time flow of macroscopic variables (energy and momentum density), entropy density,
temperature, etc. [24] which rules the general structure of the plasma lifetime and evolution.
In the set of these conservations laws we can notice that it shows the coupling of the colored
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quark-fluid to the NA color field, which is different from standard fluid dynamics, it is the
so-called chromohydrodynamics, which is the NA extension of plasma physics.
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